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The feasibility of defining a homogeneous, and in particular, an isotropic turbu-
lence, using only the hypotheses of similarity of spectral, correlation, or structu=-
ral functions is considered, Hypotheses of similarity ("self-preservation”) of cor-
relation functions were used in [1] and in many subsequent works in conjunction
with other assumptions, Sedov [2], using only these hypotheses for analyzing the
problem of decay of homogeneous and isotropic turbulent motions of a viscous
incompressible fluid, had shown possible alternatives: either the energy of tur-
bulent velocity pulsations decrease in inverse proportion to time and the linear
scale increases in proportion to the square root of time, when the determination
of dimensionless correlation functions requires additional assumptions; or the
complete solution can be derived (and was derived by Sedov) without having to
resort to supplementary assumptions, It isshown here that this solution is in good
agreement with experimental data on the decay of turbulent motions of air and
water downstreamof a grid, With the use of the hypothesis of self-preservation

of spectral tensors Sedov’s solution is extended to homogeneous nonisotropic tur-
buience, and with the use of hypotheses of self~preservation of structural func-
tions isotropic turbulence, In both cases alternatives similar to those of Sedov
were obtained,

1. Let us consider the averaged homogeneous turbulent motion of a viscous incom=
pressible fluid of constant density on the assumption that the pulsating motion is defined
by the system of Navier-Stokes equations, The principal object of this investigation is
the two-point tensor of velocity correlation

biyj (T ns t) = Uy (xm 1)) Uj (xn 4+ ra O

where u; {x,, ) are velocity components at the point defined by Cartesian coordinates
Zn &, J, m and 7 are subscripts which assume the valuves 1, 2, 3; angle brackets de~
note an averaging operation, and <u; (&, £)) = 0.

For the tensor. b; ; from the system of Navier-Stokes equations we can derive (see,
e, g. [3]) the following equation:

b, . b, .
—-E%L—Z'VT’”]'(;’;:-::S—B;‘ (1.1)

The tensor S, ; (Ty, £) in Eq, (1.1) is defined in terms of third moments of velocity
and moments containing pressure, Tensor b;, ; (r,, ¢) must in addition satisfy the fol-
lowing system of equations (see, e, g.,[3]):
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i}
oar;

bi,;(Tn, t) = bji (— Tn, )

b, ;=0
1.2)

and the obvious inequality

<|Z Zapzkuk(x‘p’ > = Z 2 a2 (") >0 (1.3)

k=1 p=1 t j=1p, s=1
ps=1412,..., n k=12, })
in which o, and zj are arbitrary complex numbers; the vinculum denotes the operation
of complex conjugation; r(P* is the difference between the coordinates z,,” — %’

of arbitrary ] points of space, and / is an arbitrary number of positive integers,
We introduce the tensor of the three-dimensional energy spectrum and the spectral
tensor related to tensor Sy, ; (1, £) by

be, (P SQS Ex, j(kn, 1) € Ym"m) dley kol (1.4)
S D = § §§ Fs (e, 0) 8 0 bl (L.5)

From Eq, (1,1) we now obtain
(,)Lf Ei,j + 2Vk2Ei,j = Fi,j (k2 = km]“m) (1. 6)

and from the system of relationships (1.2) and (1. 3)
By k=0 @.m

E; ; (—ky) = E;, ; (k) = Ej, i (k)
and the inequality
Eijkn, ) 2:2; >0 (1.8)

which is valid for any complex numbers z,, z, and zs.

The last inequality follows from Bochner's theorem [4] about the representation of a
positive definite function (function zx%bx,; (rp)) is such a function in virtue of rela-
tionships (1, 2) and (1. 3)) in the form of a Fourier-Stiltjes integral,

1t follows from the same theorem that tensor b;,; (z,, ¢) can be always presented in
the form of a Fourier-Stiltjes integral. Interoduction of the spectrum by equality (1.4)
is based on the assumption that this Fourier-Stiltjes integral can be represented in the
form of a Fourier integral. To introduce tensor Fj, ; (k,, ¢) by equality (1,5) and to
derive Eq. (1, 6) and the system of equations (1, 7) it is sufficient to assume the absolute

convergence of integrals oo
SSS E, e diidkadhs, SSSE Jo k. dkidkadhs

Llmn

—20 —30

(=]
TR .
555 = By, jdkadkadha

The general form of tensor E;, ; (k,, t), which satisfies the system of relationships
(1.7) and (1.8) [5] is
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Eivi = EiEf + E’ (6ij _— kik} l’kz) 1.9

where E’ (kn, 1) is an arbitrary nonnegative function and E; (k,, f) is an arbitrary
complex vector function which satisfies the equation Ek; = 0,

The problem is thus reduced to solving Eq, (1.6) for tensor Ejy, ; (k,, ) which may
be specified in the form (1, 9). Since Eq, (1.6) contains tensor Fy ; (k,, ), hence this
equation is open, and its closure requires additional hypotheses.

2. Let us assume that there exist functions [ (£) and b (f) whose dimensions are,
respectively, length and the square of velocity, and dimensionless tensors ¥;; and f;;,
which depend on dimensionless arguments 1, = k,l, such that for ' <k, l << 1"

and t >t the equalities Eij (kny 8 = bly; (M) (2.1)

Fi,] (knv t) = b lzfij (T]n)

are satisfied,

If the hypotheses of spectral tensor similarity (2,1) are satisfied for all k,, (' =
—00, " = + o), then similar equalities are valid for correlation tensors, In the isotro~
pic case these equalities are equivalent to the Karmdn-Howarth hypotheses on the self-
conservation of correlation functions, Substituting expressions (2.1) into Eq. (1.6) and
passing from variables k,, ¢ to 1),, f, we obtain the unique differential equation

o, ,
(30054 Ml ) B2 0 l® S bl = BBy (222)

which links tensors ; ; (1,.), fij ('r],,), and functions b () and () .
Let us analyze this equation,
Dividing Eq, (2.2) by [®b"+ and differentiating with respect to. £, we obtain

(3‘!{3@%— NMm gjm ) [b‘“ ] + by [ by 80 ] + (2.3)

d 2v
LR Ohre I:“;T}“B—] =0

Functions ;;m? and 1;; are obviously linearly independent (subscripts # and j are
fixed), Hence two possible cases must be considered in relation with Eq, (2.3):

1) Tensors
PVijr Nm Oij [ Omy M*Py; (2.4)

admit one and only one linear relationship with constant coefficients

(305 + M) — oty + agp® = 0 (2.5)

where 4% + a,® + a3’ == 0.
2) Relationship (2, §) between tensors (2, 4) can only be satisfied if @; = @, =
aa = {.
In this case from Eq, (2. 3) follows that

Sl o] -4 ] -

from which we obtain the laws of decay of b (£) and I (¢)
b=c" (t+ t)7 b=1c"(t+ t)* (2.6)
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For 1;; and f;; we now have from (2.2) a single equation with constant coefficients,
The determination of these tensors necessitates supplementary assumptions,

Let us revert to case (1).

We pass from Cartesian coordinates T, M, T3 to spherical coordinates n 0, ¢
defined by

M =mncosB, n,=rsinbcosp, my;=mnsinHsing
We now have
nm q i (’h, T2, n3) = 1] 5 d Pi; (na 0, (i’>

For a; = O from (2.5) we have
Vi = ¢35 (0, @) 7
and for @, + 2a; == 0 from Eq, (2. 3) we obtain for b (f) and [ (¢) the same decay
laws (2.6) as in case (2).
Henceforth we assume that ay == 0,
Let us set a4 == 2, From (2. 5) and (2. 3) we have

1 d 2v . 1 d b,t dl _— 1 b‘-:u2 1
TE | qyr | T war |0 T a |
from which we obtain
-, 4l dil ~3 db . v
b = 4y e [V— +p, b w—azm—i‘q 2.1
where p and ¢ are constants of integration, Subsmuting (2.7) into (2, 2) and allowing

for (2,4), we obtain

fiy = Bp + @ ¥i; + 1 i / O (2.8)
Eliminating time from the system of equations (2. 7) and integrating the derived equa-
tion, for a, == 2a,, ¢ 5= — 2p,and a,p + a,g == 0 we obtain
e — g ip+q
vITW = Clah 1’<Y+-—~—-«a2w2al (2.9)
¥ = 2 (pay + qay) / (ay — 2ay)
where ( is a constant of integration, Using (2, 9) we can integrate the first equation
of system (2,7) by the method of quadrature
z

¢ : Az 2p - ~4P/(2D+Q)
¥ =\ pwevepro|c A o .__ﬁ_‘?‘__} (2.10)
t+1 v(az—- 2m) S ¢ {C v vi{a — Zai) dz

s

(z = lalxh~Pr)
Formulas (2, 9) and (2,10) provide the solution for the functions & (#) and I ().
For ag = 2 from (2,4) and (2, 8) we have
Pij = (0, @) e maraa (2.11)
0
o= (P g — 2wy (2.12)

y ay

Coefficients ¢;; (8, @) = ¢;,; (, / M), serve as initial conditions and must satisfy a
system of algebraic equations similar to system (1.7), (1. 8) and derived from the latter,
Using the general form of the spectral tensor (1, 9), we solve the system of equations for

Ci
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$ij (M) = emmamsrosi [\Pi% +p (511‘ - ?12“ : )] (2.13)
where ¥ (1, / M) is an arbitrary nonnegative function and P; (1, / M) is an arbitrary
complex vector function which satisfies equation {;v; = 0. Arguments 1), / 1, 1, / 1
and Mz / M of these functions are linked by the relationship(n,, / 1) (1, / 1) = 1.

Let us restate our conclusions taking the laws of decay of b (¢) and [ (f) as the basis,
Thus, if the hypotheses (2.1) about the self~preservation of spectral tensors are satisfied
by the decay of homogeneous turbulent motions of a viscous incompressibie fluid, then
either laws (2, 6) are satisfied for & and ! and the determination of the dimensionless
spectral tensors \;; and fijrequires additional assumptions, or, if laws (2. 6) are not sa-
tisfied, b (¢) and [ (f) are determined by formulas (2. 9) and (2.10) and the spectral
tensors \P;; and f;; by formulas (2,13) and (2,12),

If for reasonably great / the hypotheses (2,1) are satisfied throughout space £, , we
can pass from spectral to correlation tensors, From Eq, (2. 8) we can derive

1575855 = — pro < by + abiy

n

From this with allowance for the equality S; ; (0, ) = O (see [3]) follows that g =0).
For ¢ = 0 system (2, 7) coincides with the system of equations for & (f) and [ (¢)
which was obtained and solved for isotropic turbulence [2]. As shown by Sedov, in this
case @; >0 and @, > 0 ,and a; = 0.5 can be assumed, Following Sedov we intro-
duce the notation g, = 10 ¢, For & == 0.1 the solution of system (2, 7) can be written
as

J— =1y 2p m’ ot

3,
.t," 2

v

f— - 2P n""x‘
A TP 5 b z(\wa-i + Cbl} db
b

m’ = (1—10 a) / 20 a.

8. Let us now assume that the turbulence is isotropic, In this case the components
of tensor b;, ; (rn, f) can be expressed in terms of a single scalar function b,% (r, )
[1], of tensor {u; (Zn, t) Uj(Zp, £) g (Zn + Tny 1)) in terms of a single scalar func-
tion b,"(r, 1}, and the components of tensor (P (z,, #) u; (x, -+ rn, 1)) vanish,
In these expressions r = |}/ r;r;. Functions b’ (r, f) and b/" (r, ¢) are related by
the unique equation d

d g AN
N 4 Oz)ei > ! C}b& {jbd 4 om

&, 4 by LAy
o T ar 2 gt Jt T
(the Kdtmdn-Howarth equation) which corresponds to the tensor equation (1,1),

Let us assume that self-preservation of structural functions is observed with turbulence
decay, i, e, there exist such functions / and & dependent on ¢ and having the dimen-
sions of length and of the square of velocity and such dimensionless functions 3, and P,

dependent on the dimensionless argument 7 / [, that for r / [ <C %’ the following rela=

tionships are satisfied:
byl (ry 1) = by (8) — b (1) B (r/ D)
(3.2)

by (r, t) = b2 () By (r / 1)
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Function b, (?) is determined by the equality b, () = b;? (0, #). In the particular case
of b (f) / by (£) = const hypotheses (3,2) convert to hypotheses of self-preservation
of correlation functions,

Hypotheses (3, 2) were first considered by Lin [6] without, however, finding all possible
solutions,

Let us substitute expressions (3, 2) into Eq, (3,1), Passing from variables r, ¢ toy ==
r/l, t, we obtain

db 2vb " b dl 3
‘at—l"‘%_[—‘ }B?J(— [2 (B‘& B2>+ 1 thBz—— (3 3)
2
— 2% (8 +p,)
We divide all terms of Eq, (3. 8) by {™ §%: and differentiate with respect to time ¢,
This yields equation (@1 (t)- @2 (1)) = (3.4)

0= -3 (5] )
02 () = {1, By, B + 4Bs"/ X, 2By)

which may be considered as showing that the scalar product of four-dimensional vectors
is equal zero, These vectors whivh vary with variation of their arguments must, obvi-
ously, remain in fixed orthogonal planes (subspaces) of the four-dimensional space,
The following cases are possible,
1) @, (%) is an arbitrary vector, Then o, (f) = 0, hence

. dl 2v 5 ab 3, db .
b= = W= e W= —a (3.9)
Integration of this system of equations yields
3 <1 v €
F:?fv—;(t—{—tg), b= — :..:-b+b1* (3.8)

With allowance for (3, 5) from Eq, (3. 3) we obtain for functions f, (x) and Pg (%)
a single equation with constant coefficients, To determine these functions we need
additional assumptions,

This particular case was considered by Lin, Note that b, — by* when {-—>- o0,
This means that for b,* == 0 the laws of turbulence decay (3, 6) cannot be satistied
for considerable ¢, while if b;* = O, then b (f) / b, () = const and, consequently,
hypotheses (3. 2) convert to the Karman-Howarth hypotheses about self-preservation of
correlation functions,

2) @, () is a vector belonging to an arbitrary fixed three-dimensional plane,
then @, (£) belongs to the one~dimensional straight line normal to that plane, This

means that — ag + @GPy + @ xBe’ + ao By + 4By /x) =0 (3.7

and all functions of time in Eq, (3, 4) are proportional to

1 dbh Y 1 abl 1 1 2v 4
e =y T e e S | — ~3f2 ]
as [lb dt ]f az {lb / dt ]{. ay [b dt ] as [ I ‘/ A ]f (30 8)

It can be shown that @, == O,
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Let us assume that a, = 0. Since
Ba(X) [x—mp = #B2" (X} lyy =0
it follows from (3, 7) that as = 0. Comparing (3. 4) and (3, 8), we obtain

["’_“ﬂ] ~[li;b J

and, consequently, db dl

N e oM
b ar 271 a5

Then from (3.4) we obtain 28, + %B,’ = 0, hence B, ~ y~2. But this solution does
not satisfy condition B, (¥) |,—, = 0. Hence ao 5= 0.
Let us set @, = 2. Then from (3, 8) we obtain

dl v s b v
] — P 2 —_

b dz*“lzvz+p’ o “ryr T4 3.9
db1 v

="l —— = ——=+s

3 1 V'b +
Substituting equalities (3. 9) into Eq, (3. 3) and allowing for (3. 7), we obtain
/ ’

By + Bt 5 — 5Bt 58 =0 (3.10)

Since for small X Ba ~ % (see [2]), hence Eq. (3,10) implies that s = 0. Thus in the
second case Egs, (3,7) and (3.10) for functions P, (%) and 3 () and the system of
equations (3, 9) for b, (t), b (t) and I (t) with coefficients ¢ = 2 and s = 0
completely determine the law of turbulence decay,

3) Vectors @, (t) and @, ()) belong to two fixed and mutually perpendicular
two-dimensional planes, This implies that function f, (%) must satisfy two linearly
independent equations of the form (3, 7). It can be shown that the solution of these
equations has no physical meaning, Cases in which vector ®, ()) belongs to a fixed
straight line or is identically zero are, also, impossible,

Let us revert to the case (2),

Equation (3, 7) for function ag / @y — P, ()) assumes the same form as the equation
for the correlation function f (%) derived in [2], For @; == 0 the unique solution of
that equation, which for o = 0 is a3 / a, ,is a degenerate hypergeometric function

rrl-henee B = {'1 —al, [ Sar %a - mf]} @1

It can be readily shown (see, e, g, [3]) that

(— 1)+ ;:; Bn(r, 1) Ir=0 = %1" << O ) > >0

From this and the expansion into Taylor series of ,F; (3.11) follows [7] that a; > 0,
a, >0 and a3 > 0.

Let us select the scales for b (t) and I (f) so as to have a, = 0.9 and a; = @
We introduce the notation a, = 10 . Integration of Eq, (3.10) yields
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X
q 5
B = o X8 — L T Ty SBg x°dx (3.12)
0
Taking into account that @, = 0.5, @, = a3 = 10 a, and s = 0, we find that
the solution of the system of Egs, (3. 9) for b, (¢) and functions z (¢) and u (f) related
to b (t) and [ (t) by

u=1I"1", gz = [Ixp-piv (3.18)
for & = 0.1, g5 —2p and ¢ 5= —20ap is of the form

_ z 2p+-q 3.14
u=C+ Sam=n (3.14)
0 :
dopF =\ z-1eYy-in [ (20t
! t Y (101— ” S w d
20 !
by + b* = T 107 i)u \ AR T ATt 74
20ap - g ’ 27

T= 10 —1 1? = 2y

This solution has a meaning not for every arbitrary value of parameters a, p, ¢ and
C. First,since « and z are positive, ¢ and (2p - ¢) / (10ac — 1) cannot be simultan~-
eously negative and, second, for certain values of parameters solutions are determinate
only for the limited time ¢ + t* < 0.

In all remaining cases the asymptotic laws of decay &, b, and 7 for t— oo are:

1) for ¢ > 0 and a > 0.1
L~ b~ by bF ~1710%
2) for p>]g/2]and C (10a — 1) < 0
e t2P1RP-D) o 20/2P-0) gy LT 1
3) for ¢ << —20ap, q< —2pand a < 0.1
L~ 8% b~ by + by* ~

Taking as basis the laws of decay & (¢), by (f) and [ (t) , we 1estate our conclusions
as follows: if the hypotheses (3,2) about the self-conservation of structural functions fJ,
and Bgfor r/ { << 7 are satisfied in the case of decay of homogeneous and isotropic
turbulent motions of a viscous incompressible fluid, then either b, b;,and [ vary in
accordance with formulas (3,6) and functions f3, () and {3; (y) are related by a single
equation so that supplementary assumptions are required for their determination, or the
laws of decay b (¢), b, (t), and [ (f) are determined by the system of Egs, (3.13) and

(3.14), and the form of structural functions f, () and 3, (y) is that defined by equa-
lities (3,11) and (3,12),

4. Onthe assumption that p (t) = b, {{) the hypotheses (3. 2) become the hypothe=~
ses of self-preservation of correlation functions f and 4, i,e. of the existence of func-

ton L sttt f i il &) = R (D) @.1)
(. =T [l b () = = bt (0, 1))
(b (1) — Bf (ry ), B (ry €)= b (1, D)

Sedov had analyzed and completely solved the problem of isotropic turbulence decay
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on the basis of these hypotheses [2],

The results obtained in Sect, 3 on the assumption that & () = b, (¢) (hence in the
first case ¢; = ¢3 = ¢4 and b;* = 0, and in the second —ay = dgy, § = § = 0
and b,*=0), as well as the results obtained in Sect, 2 on the assumption of isotropic
turbulence and the hypotheses (2,1) are satisfied throughout space &, (hence in the se=
cond case g = ( and in formula (2.13) ¥; = ( and § = const) are identical with
the results of Sedov’s investigations,

Taking as basis the laws of variation b (¢) and [ (¢) we can formulate these results
as follows : if the hypotheses (4.1) about the self-preservation of correlation functions
f and A are satisfied in the case of homogeneous and isotropic turbulent motions of a
viscous incompressible fluid, then either b (£) and [ (t) (case 1) vary in accordance
with formulas

2 = Ay i (t +ty), b= )t (4.2)
and functions f (y) and h () are related by a single equation and their determination
necessitates additional assumptions, or (case 2) the solution for f (%) and h (%) is given
by formulas

f‘“lFl[ioa - wi‘;} (@ >0) (4.3)

2
b= —%—x’"‘*\ ¥f (1) dy, = “PX {f - 1F1[1Oa 1 — i} (4.4)
0
and the solution for b (¢) and I (f) is determined by the system of equations (2,14).
Using the assumption that b — 0 when ¢ — oo and substituting for the scale [ (¢)
the Taylor microscale A (¢)
I i A Utk A - o AN 4,5
Mo — Rl L k=Y = .5
we can express this solution in the following dimensionless form:
the firstset o = o, 0 <Tw << o0
for p (10 — 1) >0, C>O

W (00— 1R ¢ s
PTER R 1 Sw (1 4wy 2 dw

w

thesecondset & — a_, 0 << w << 1
for C (10 — 1) >0, p <0
2 2V

T (L “’”") “.n

v{t L _ {102 1)? Swd(l—?f/m) 2 dw

Fes A0

for =04, p<O
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A w 1
oV Tt (4.8)
. we
M = S w2 In"? wdw
It
1w

In formulas (4, 6) ~ (4, 8) the following notation is used:

b Pt 1 —10a
=g M=y} e, m= “.9

where £* and b* are constants of integration whose dimensions are, respectively, time
and the square of velocity, Upper limits of integration i, of integrals in (4, 7) and (4.8)
have been chosen for definiteness so that dA / dw = dh / dt = 0 for v (t -+ t¥) /
A*2 = { , For convenience the notation o = o, and @ = o _ is used for the first
and second set, respectively,

The solution obtained for the second case, i, e, the complete solution for isotropic
turbulence decay, derived by Sedov with the use of only the hypotheses of self~conser~
vation of correlation functions, will be called the Sedov solution, This solution contains
four independent parameters o, p, C and ¢* (in formulas (4. 3),(4.4) and (2,14)), or
a (o, or & ) b*, A* and ¢* (in formulas (4, 3) — (4. 9)), however, since the sets of func-

tions r\ R [r\ b [vEEtN] A Ve

H5) 5 (5w
which determine the Sedov solutjon depend only on parameter & (o, or o._), the lat{er
is the sole significant parameter,

Functions of these sets are shown in Figs, 1 ~ 4 in the form of curves for 0.05 <
a < 0.2. The dash lines in Figs, 3 and 4 relate to the asymptotic power laws for

t— o0 a> 0.1, lg-gb;zi()algﬁg%:—n—g-walg—ﬁ%ﬂ
A 1 t - t*
lg = g 2
b (10a —1)2 v (t 4 1)
a< 0.1, lgT,-ﬂlg o —lg re
s i i vt 4 %)
lg—;\;‘-:«:7+—2— g

The values of functions f (r / ) and k (» / &) corresponding to formulas (4,3) — (4. 5)
were calculated on a computer, using recurrent formulas and tabulated values of 1Fy [a;
0.5; #] [7] for a == 0.05, 0.06, .. ., 0.25.

Sets L{V(t—{—i‘) _}:‘—{ v(t"rt"}

b* ;:s J? ?\'w L ;\*z J
were calculated by formulas (4. 5) — (4. 9).

The integral in (4, 8) reduces to an integral logarithm, and the integrals in (4,6) and
(4. 7) for rational « are expressed in terms of elementary functions,

For comparisons with experimental data the correlation function g (r, f) and the
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one-dimensional spectrum E; (k;, t), defined by
a
g=f+4 3

bat (r, ) = § B, (ko ) cos kyrd,
may be necessary, 0
The definition of g and E, implies that the self-preservation f (r, t) = f (¥) is
equivalent to self-preservation g (r, t) = g () or Ey (ky, t) / bl = ¢ (kyd).
As regards the effect of variation of hypotheses (4,1) about the self-preservation of
correlation functions f and % on derived results we note the following,

1) 1f hypotheses (4.1) are satisfied for 0 <<r /1 <<y’ (¥ is any positive num-
ber), the result is in complete agreement with that of Sedov,

2) If hypotheses (4,1) are satisfied for ¥ <7 /1 <<y%" (¥ <% are any posi~
tive numbers), then in the second case the variation reduces to an increase of the arbi=
trariness of integration of the system of equations for functions f (%), k (%), b (¢) and
L{t) derived by Sedov {2],

3) If weaker hypotheses about the constancy in time of parameters

M) 2o £, Do D (O B D) o

than (4,1) are satisfied, then  and A == l]/o_c vary with time in accordance with the
system of equations (2, 7) whose solutions are defined by formulas (4, 6) - (4, 8), if in the
system (2,14) the constant of integration C == 0, or by formulas (4,2) if C = 0,
This means that Sedov's conclusions about the law of decay of energy and of the linear
scale of turbulence remain valid,

A reconsiliation of experimental data and Sedov's solution is given below, Owing to
the insufficiency of experimental data no comparison is made of solutions derived in
Sects, 2 and 3 with such data, it is, however, obvious that the use of these more general
solutions can only improve the correlation between theory and experiment,

It is important to bear in mind that the laws of decay b (¢) and [ (¢) for a homoge-
neous turbulence, when the hypotheses of self-preservation ot spectral tensors (2,1) are
satisfied in the whole space (or as can be shown, when the related hypotheses of self-
preservation of correlation tensors b;, ; and S; ; are satisfied at least in the neighbor-
hood of some point ry == ry, = rg = ()), are the same as the laws of decay b(f) and
L(t) derived in Sedov’s solution,

5. The majority of expreimental data on homogeneous and isotropic turbulence,
including those cited in all references at the end of this paper, except [8, 9], relate to
turbulent motions of air passed at constant velocity U through a grid of two mutually
perpendicular rows of round bars of diameter d and spaced at pitch M.

Considerable deviations from isotropy [10, 11] and lack of tendency to isotropy build-
up during turbulence decay were established, It was found that the ratio of mean square
of longitudinal velocity pulsations to the mean square of transverse pulsations is greater
than unity {Cu,®) / (us®) = 1.3 & 0.2).

In spite of these deviations from isotropy, Sedov's solution (in the second case) with
parameters o, = 0.2, Ut* /M =0, U2/ b*=700 and M /A* =1.43 isin
good agreement with the experimental data of Batchelor and Townsend [12, 13] for
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Ry =UM /v =650 and M /d = '8/, ,as can be seen in Figs, 5 and 6, Small
circles, crosses and black dots in Fig, 5 relate to experimental data on f (r / A) for
x/ M = Ut/ M = 320, 640 and 960 ,respectively, In Fig,6 black dots and cros-
ses relate to experimental data on b (¢) for M = 0.159 cm and 0.635 cm, respec-
tively, and the small circles to experimental data on A (t) for M = 0.159 cm, In both
figures and remaining ones solid lines correspond to theoretical solutions,
When comparing experimental data with Sedov's solution, the parameters of the latter

were determined as follows:

1) o was determined by comparing experimental points f (» / 4) with the set of
curves f (r/ A; a) calculated by (4, 3) and (4, 5);

2) A*, b*,and the adherence to the o = «, or @ = a_ set was determined by
comparing experimental points A (b) with a pair of theoretical curves (4. 6) — (4, 8)

A b
e 551 )
related to sets @ = o, and @ = a_;
3) t* = z* / U was determined by comparing experimental points b (!) with
the theoretical curve (4,6) — (4, 8)

b [ vttt
l)‘ A‘*!
for known @ = a, or ¢ = a_.

For the determination of all parameters of the solution it is sufficient to obtain mea-
surements of & and A at two different times and one value of f(r/ M) for r/ A5 0.
It is advisable to obtain the measured value of f in the interval 0.1 < f < 0.6,
because the curves of set f (r/ A; &) for small f, particularly when ¢ is close to unity,
lie very close to each other (formula (4,5) for A implies that all curves f (r/ ) have
at point f (0) = 1 a common third order tangency with the parabola f = 1 — 2/ 232),

We note that when f (r, t) and & (1) are known it is possible to determine % (r, ¢)
from the Karman-Howarth equation (3.1), Hence the congruence of theoretical and
experimental curves b (1), ! () and f (r/I) ensures that the experimental function %
satisfies the self-preservation hypothesis and is in agreement with the curve theoretically
predicted, In other words, a deviation of the theoretical curve h (¥) from the experi-
mental % (r, ) can be only due to the inaccurate fulfillment of the Kdrman~Howarth
equation and, consequently, of the assumptions as to the homogeneity and isotropy of
the averaged motion and of the actual flow obeying the Navier-Stokes system of equa-
tions used in the derivation of that equation,

The agreement between theoretical curves b (¢), A (t) and f (r / A) and experimen-
tal points in Figs, 5 and 6 shows that, first of all, the hypotheses of self-preservation of
correlation functions f and 4 (4.1) in the experiments of Batchelor and Townsend
[12, 13] are satisfied for Ry = 650 and, second, that the second possible alternative
considered in Sect, 4, i, e, the Sedov solution, is realized in their experiments,

Only one experiment carried out by Stewart [14] at Ry = 5300, M / d = 1%/,
and M = 1,27 cm in which the hypotheses (4, 1) were directly verified was published,
The scale [, = M V' 54 Ut [ M was chosen by Stewart so that experimental points
1—5 of §(r/1,) (Fig.T)and h (r /1) (Fig, 8) obtained for z/ M = Ut/ M =
20, 30, 60, 90 and 120 in region r / [, <C (.1 fit a single curve, The marking of
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points is the same in Figs, 7 and 8,

Stewart, taking into consideration the experiments of Batchelor and Townsend, conclu~
ded that self-preservation of f is violated at small » (although this is not noticeable
on the curve f (r / l;) in Fig. 7). The violation of self-preservation of f for small r
makes it possible to use a wider class of solutions for the reconciliation of theory with
experiment (see Note 2 in Sect,4), In region r / l1 << 0.1 (see Note 1 in Sect,4) the
Sedov solution with parameters

o = 0.05, U2/ b* =400, M /M =20, Ut*/ M = —4, p= —0.071

is, also, in fair agreement with experimental data, as seen in Figs, 7 - 9,

Since Stewart had not published his data on b (), the experimental points of & ()
shown in Fig, 9 are those obtained in [13] under similar conditions: R, = 5620,

M/d =1/, M = 0,635cm (crosses),and M = 1.27 cm (black dots), The small circles
in Fig, 9 correspond to the scale /; used in Figs,7 and 8, In reconciling Sedov’s solution
with experimental data A = ; / 25 was assumed,

With increasing Reynolds number R, the correlation between Sedov’s solution and
experimental data on the shape of the correlation curve f (r/ A) for turbulent motions
of air downstream of a grid tends to deteriorate, Attempts by Batchelor and Townsend
[13] to reconciliate this solution with their experimental data for R, = 11200 and
M/ d = 16/3 proved to be negative (*),

The agreement between Sedov's solution with parameters @ = (.05, Ut* /| M =
—9, U?/b* =204 and M /A* = 39 and data of a recent experiment [15] at
Ry =17 000, M / d = '/, and M = 2.54 cm (Figs. 10 and 11) in which a mo-
tion very close to isotropic was obtained by slightly compressing the air downstream of
the grid, A number of relationships between the component of the tensor of double cor-
relations of velocity, which follow from the assumption of the motion isotropy, in parti=
cular the relationship <C u,® > / << u,? > = 1which was satisfied within 5%, In
Fig, 10 black dots, small circles, straight and oblique crosses relate to the measured va-
lues of spectrum £y / bA = ¢ (kM) forz/ M = Ut /| M = 45, 120, 240 and 385
respectively, In Fig,11 the black dots and the small circles relate to data on b (£) and
A (t),1espectively,

i{ecently a number of experiments was carried out for determining the decay of tur-
bulent motion of water downstream of various types of grids {8, 9],namely: (1) grid of
the type described at the beginning of Sect, 5 with M / d = 5; (2) grid of the same
type but with M / d = 2.8; (3) grid consisting of a single row of round bars to which a
number of plates is rigidly fixed, oscillating around its axis, The maximum velocity of
plate ends V, in one experiment was three times and in the other seventeen times
higher than the stream velocity U.

(*) These experimental data satisfy rather the hypothesis considered in Note 3 in Sect,
4 than the hypothesis about the self-preservation of correlation functions and the ensu-
ing laws of variation of & (¢t) and A (f) (4.7)(in system (2.14) € == 0), These laws,
which are the same as Sedov's solution are in a considerably better agreement with ex-
perimental data than the laws (4, 2) (in system (2,14) € = 0) accepted by Batchelor
and Townsend and called by them the "initial" period of turbulence decay,
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The main results of tests with these grids can be summarized as follows: (1) the para~
meter <u;®> / <(w,?> which defines anisotropy is equal unity within 5% ; (2) the hypo-
thesis of self-preservation of f is very well satisfied and the curve f (r/ A) is universal
for all experiments, The empirical curve proposed by the authors virtually coincides
with the curve (4, 3) in the measurement region for o« = 0.08.

The values of parameters for Sedov's solution which correlate with experimental data
[8, 9] as well as the notation used in Figs, 12 — 14 are shown in Table 1, For all expe-
riments it was assumed o_ = (.08.

Table 1

Experimental conditions Values of parameters Marking of

experimental points
Ry | Mid v,/U lUcm/sec| t* sec| U M/»* | inFigs, 12-14

470 2.8 — 2.0 —17 23.4 4.88 straight crosses

840 | 5 - 2.9 —11 72.4 11.5 oblique crosses
2000 —_ 3 3.14 —3 13.2 29.5 black dots
2000 — 17 3.14 3 0.4 50 small circles

The satisfactory correlation of experimental functions b (t), A (f)eand f (r /1)
with theoretical ones can be observed in Figs, 12 — 14, As in experiments with air, this
agreement must ensure the fulfillment of the self-preservation hypothesis for the expe-~
rimental correlation function k and its conformity with the theoretical curve with the
same degree of accuracy as the Karman-Howarth equation is satisfied,

Thus, in experiments on perturbation decay in water downstream of various types of
grids [8, 9], first, the hypotheses about the self-preservation of correlation functions f
and k& (4.1) are satisfied, second, the alternative (2) described in Sect, 4, i.e, Sedov's
solution, is realized, and third, the only one significant theoretical parameter @ is uni~
versal and «_ = (.08, Such universality does not exist in the definition of turbulent
motions of air downstream of grids, even when these are geometrically similar, Thus in
the experiments of Batchelor and Townsend [12, 13] « decreases from 0,2 to 0, 05 when
Ry is increased from 650 to 5620 and the solution passes from the set o, to the set

o_.
The qualitative divergence between experimental results with air and water is evident
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from the comparison of correlation functions f (r / M) obtained under similar conditions
by Batchelor and Townsend in experiments with air [121 (R = 650 and M/d = 1¢/,)

and Ling and Huang with water (Ry = 840 and M/ d =5) [8] and which were in agree-
ment with the theoretical curve defined by (4.3) for ¢ = 0.2 and a = (.08 ,respec-
tively,(see Figs, 1, 5 and 12},

Thus even for geometrically similar grids a divergence from similarity which depends
on the Reynolds number Ry = UM /v is observed in experiments (*). Hence it is
not possible to establish universal relationships between parameters o, vt* /M2, U2/
b¥, M / A* and the number Ry .

Nevertheless, as shown above, the Sedov solution derived from the Karman-Howarth
equation with the use of only hypotheses about the self~preservation of correlation func-
tions and without resorting to hypotheses about the vanishing of the third or higher order
correlations of velocity or on their dependence on secondary correlations (e, g. the hypo=
theses of Obukhov, Millionshchikov, Heisenberg, Karman and Kovazhnyi),isin good agree=~
ment with experimental data on the decay of turbulent motion of air and water downstream
of grids,

Finally, we note that in all cited experiments, except those of Batchelor and Townsend
(12, 13]at Ry = 650, parameter & << 0.1. For such o the asymptotic laws for

t—>o0o0are: b~ tland A ~ t'% and, consequently A}b /v — const + 0.
This means that the so~-called "final” period of turbulence decay, for which AV b/v—
0 when ¢ — oo and the terms of the Kdrmdn-Howarth equations containing third mo-
ments a7

or
become an infinitely small of a higher order than terms containing second moments
[12], does not exist in the case of experiments defined by Sedov's solution with x<Z0.1.

The author thanks L, I, Sedov for suggesting this subject and his constant interest and
valuable discussions on this work,

4
+ b

REFERENCES

1., Karm4dn, Th,,von, and Howarth, L., On the statistical theory of isotro~
pic turbulence, Proc,Roy,Soc, ser, A, Vol, 164, N917, 1938,

2. Sedov, L.1,, Decay of isotropic turbulent motions of an incompressible fluid,
Dokl, Akad, Nauk SSSR, Vol, 42, N3, 1944,

3. Hingze,J. O,, Turbulence, McGraw-Hill, N,Y,, 1959,

4. Bochner,S,, Monotone Funktionen, Stiltjessche Integrale und harmonische
Analyse, Math, Ann,, Vol, 108, Ne3, 1933,

5., Kamp€ de Feriet,]., Le tenseur spectral de la turbulence homogene non
isotrope dans un fluide incompressible, Proc, 7-th Internat, Congress Appl, Mech,
Introduction volume, London 1948 (London 1949),

6. Lin,C,C,, Note onthe law of decay of isotropic turbulence, Proc. National
Acad,Sci,, U.S, A, Vol, 34, N11, 1948,

*) Such divergence seems to take place at =/ M < 20, so that in the region in which
experimental data are compared with the model of isotropic turbulence (z/ M > 20)

the divergence of data in experiments with air and water may be attributed to initial

conditions,



836 A.I.Korneev

7. Slater, L.J., Confluent Hypergeometric Functions, Cambr, Univ, Press, Cam-
bridge, 1960,

8. Ling,S,C, and Huang, T, T., Decay of weak turbulence, Phys, Fluids,
VoL 13, N12, 1970,

9. Ling,S.C, and Wan,C, A., Decay of isotropic turbulence generated by a
mechanically agitated grid, Phys, Fluids, Vol,15, N8, 1972,

10, Batchelor, G, K. and Stewart,R, W,, Anysotropy of the spectrum of
twbulence at small wave=-number, Quart, J, Mech, and Appl, Math,, VoL 3,
N1, 1950,

11, Comte=-Bellot, G, and Corrsin,S,, The use of a contraction to im=
prove the isotropy of grid generated turbulence. J.Fluid, Mech,, Vol, 25, Ni4,
196,

12, Batchelor, G, K, and Townsend, A, A,, Decay of turbulence in the
final period, Proc,Roy.Soc., Vol.194, Ns1039, 1948,

13, Batchelor, G, K, and Townsend, A, A,, Decay of isotropic turbulence
in the initial period, Proc,Roy,Soc., Vol, 193, N1035, 1948,

14, Stewart, R, W,, Triple velocity correlations in isotropic turbulence, Proc, Cam~
bridge Philos, Soc,, Vol.47, N1, 1951,

15, Comte-Bellot, G, and Corrsin, S,, Simple Eulerian time correlation of
full- and narrow=band velocity signals in grid-generated "isotropic" turbulence,

J. Fluid Mech,, Vol, 48, N2, 1971,
Translated by J,J. D,

UDC 532, 529

CONTINUAL MECHANICS OF MONODISPERSE SUSPENSIONS,
INTEGRAL AND DIFFERENTIAL LAWS OF CONSERVATION

PMM Vol, 37, N5, 1973, pp. 882=894
Tu. A,BUEVICH and V.G, MARKOV
{ Moscow)
(Received April 27, 1973)

A disperse medium consisting of an incompressible fluid and small spheres of
equal radii suspended in the fluid is considered as the superposition of two inter=
penetrating and interacting continua, Equations of conservation of mass, momen~
tum and moment of momentum are obtained for the two continua in which all
unknowns are expressed in terms of functionals of mean stresses acting at the
surface of an individual suspended sphere,

The mathematical definition of the motion of a disperse system — investigated in
numerous works — requires the solution of two distinct problems, The first of these con-
sists of the formal derivation of "macroscopic” equations for the systern phases which
are assumed to be interpenetrating continuous media with specific properties, These
equations which reflect the laws of conservation of mass, momentum and moment of
momentum are usually obtained by known methods of mechanics of continuous media
[1, 2], The derivation of such equations for multiphase disperse systems of variouskinds
is treated, for instance, in [3 — 6], However the obtained equations contain unknown



